We prove a dimension formula for the weight-1 subspace of a vertex operator algebra V orb(g) obtained by orbifolding a strongly rational, holomorphic vertex operator algebra V of central charge 24 with a finite order automorphism g. Based on an upper bound derived from this formula we introduce the notion of a generalised deep hole in Aut(V ).
Introduction
In 1973 Niemeier classified the positive-definite, even, unimodular lattices of rank 24 [Nie73] . He showed that up to isomorphism there are exactly 24 such lattices and that the isomorphism class of one of these lattices is uniquely determined by its root system. The Leech lattice Λ is the unique one amongst them without roots. Niemeier applied Kneser's neighbourhood method to derive this classification. It can also be proved by means of harmonic theta series [Ven80] or the Minkowski-Siegel mass formula [CS99] .
Conway, Parker and Sloane found a nice construction of the Niemeier lattices starting from the Leech lattice [CPS82, CS82] . They showed that up to equivalence there are exactly 23 deep holes of the Leech lattice Λ, i.e. points in Λ ⊗ Z R which have maximal distance to the Leech lattice, and that they are in bijection with the Niemeier lattices different from the Leech lattice. The construction is as follows. Let d be a deep hole corresponding to the Niemeier lattice N . Then the Z-module in Λ ⊗ Z R generated by d and Λ d = {x ∈ Λ | x, d ∈ Z} is isomorphic to N .
The classification of strongly rational, holomorphic vertex operator algebras bears similarities to the classification of positive-definite, even, unimodular lattices. The weight-1 subspace V 1 of a strongly rational, holomorphic vertex operator algebra V of central charge 24 is a reductive Lie algebra. In 1993 Schellekens [Sch93] (see also [EMS15] ) showed that there are at most 71 possibilities for this Lie algebra structure using arguments from the theory of modular forms. He conjectured that all potential Lie algebras are realised and that the V 1 -structure fixes the vertex operator algebra up to isomorphism. By the works of many authors the following result is now proved.
Theorem. Up to isomorphism there are exactly 70 strongly rational, holomorphic vertex operator algebra of central charge 24 with V 1 = {0}. Such a vertex operator algebra is uniquely determined by its V 1 -structure.
The proof is based on a case-by-case analysis and uses a variety of methods. One of the main results of this paper is a uniform proof of the existence part which generalises Conway, Parker and Sloane's construction of the Niemeier lattices from the Leech lattice.
An important method to construct vertex algebras is the orbifold construction [EMS15] . Let V be a strongly rational, holomorphic vertex operator algebra and g an automorphism of V of finite order n and type 0. Then the fixed-point subalgebra V g is a strongly rational, holomorphic vertex operator algebra. It has exactly n 2 non-isomorphic irreducible modules, which can be realised as the eigenspaces of g acting on the twisted modules V (g j ) of V . If the twisted modules V (g j ) have positive conformal weight for j = 0 (mod n), then the sum V orb(g) := ⊕ j∈Z/nZ V (g j ) g is a strongly rational, holomorphic vertex operator algebra.
We can use the deep holes of the Leech lattice Λ to construct the vertex operator algebras corresponding to the Niemeier lattices.
Theorem (Proposition 5.2). Let d ∈ Λ ⊗ Z R be a deep hole of the Leech lattice Λ corresponding to the Niemeier lattice N . Then g = e −2πid0 is an automorphism of the vertex operator algebra V Λ associated with Λ of order equal to the Coxeter number of N and type 0. The corresponding orbifold construction V orb(g) Λ is isomorphic to the vertex operator algebra V N associated with N .
We shall see that the other elements on Schellekens' list can be constructed in a similar way.
Modular forms for the Weil representation play an important role in many areas of mathematics. The simplest examples are theta series. Let L be a positivedefinite, even lattice of even rank 2k and D = L /L its discriminant form. Then θ(τ ) = γ∈D θ γ (τ )e γ with θ γ (τ ) = α∈γ q α,α /2 is a modular form of weight k for the Weil representation of D. Another example comes from orbifold theory. Under the same conditions as above the n 2 characters of the irreducible modules of V g combine to a modular form of weight 0 for the Weil representation of the hyperbolic lattice II 1,1 (n). Pairing this form with a certain Eisenstein series of weight 2 for the dual Weil representation we obtain:
Theorem (Theorem 4.5 and Corollary 4.9). Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g an automorphism of V of finite order n and type 0. We assume that the twisted modules V (g j ) have positive conformal weight for j = 0 (mod n). Then dim(V orb(g) 1
where the c n (m) are defined by m|n c n (m)(t, m) = n/t for all t | n and the rest term R(g) is non-negative. In particular dim(V orb(g) 1 ) ≤ 24 + m|n c n (m) dim(V g m 1 ).
We give an explicit description of the rest term R(g) (see Proposition A.2). The dimension formula was first proved by Montague for n = 2, 3 [Mon94] , then generalised to n = 5, 7, 13 [Möl16] and finally to all n such that Γ 0 (n) has genus 0 in [EMS17] . The previous proofs all used explicit formulae of Hauptmoduln. We show here that the dimension formula is an obstruction coming from the Eisenstein space. Pairing the character with other modular forms for the dual Weil representation we can obtain further restrictions.
The above upper bound is our motivation for the definition of a generalised deep hole. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g an automorphism of V of finite order n. Then g is called a generalised deep hole of V if (1) g has type 0 and the twisted modules V (g j ) have positive conformal weight for j = 0 (mod n), (2) the upper bound in the dimension formula is attained, i.e. dim(V orb(g) 1 ) = 24 + m|n c n (m) dim(V g m 1 ), (3) rk(V g 1 ) = rk(V orb(g) 1
).
For example, let d ∈ Λ⊗ Z R be a deep hole of the Leech lattice. Then g = e −2πid0 is a generalised deep hole of the vertex operator algebra V Λ .
The existence of generalised deep holes is restricted by Deligne's bound on the Fourier coefficients of cusp forms.
Theorem (Theorem 4.12). In the above situation suppose that the order of g is a prime p such that Γ 0 (p) has positive genus. Then R(g) ≥ 24. In particular g is not a generalised deep hole.
We prove this result by pairing the character of V g with a certain cusp form. Finally, we give a uniform construction of the Lie structures on Schellekens' list.
Theorem (Theorem 5.6) . Let g be one of the 71 Lie algebras on Schellekens' list. Then there exists a generalised deep hole g ∈ Aut(V Λ ) such that (V orb(g) Λ ) 1 ∼ = g.
We believe that this correspondence is injective for automorphisms with nontrivial fixed-point sublattice. More precisely, we conjecture:
Conjecture (Conjecture 5.9). The cyclic orbifold construction g → V orb(g) Λ defines a bijection between the algebraic conjugacy classes of generalised deep holes g ∈ Aut(V Λ ) with rk((V Λ g ) 1 ) > 0 and the isomorphism classes of strongly rational, holomorphic vertex operator algebras V of central charge 24 with V 1 = {0}.
Outline. In Section 2 we recall the cyclic orbifold construction and describe some results on lattice vertex operator algebras, in particular the Leech lattice vertex operator algebra V Λ .
In Section 3 we review modular forms for Γ 0 (n) and vector-valued modular forms for the Weil representation. Then we define a certain vector-valued Eisenstein series.
In Section 4 we derive a formula for the dimension of the weight-1 space of the cyclic orbifold construction based on a pairing argument with this Eisenstein series. We introduce extremal automorphisms, for which this dimension attains an upper bound.
In Section 5 we define generalised deep holes, certain extremal automorphisms, and show that each strongly rational, holomorphic vertex operator algebra of central charge 24 with non-vanishing weight-1 space can be obtained as the orbifold construction associated with a generalised deep hole of V Λ . We also conjecture that this correspondence is actually a bijection and provide some partial evidence.
Vertex Operator Algebras
In this section we describe the cyclic orbifold construction developed in [EMS15, Möl16] and some (mostly known) results about lattice vertex operator algebras and their automorphism groups.
Vertex operator algebras and their representations give a mathematically rigorous description of two-dimensional conformal field theories. They were introduced into mathematics by Borcherds [Bor86] .
A vertex operator algebra V is called strongly rational if it is rational (as defined, e.g., in [DLM97] ), C 2 -cofinite (or lisse), self-contragredient (or self-dual) and of CFT-type. Then V is also simple. Moreover, a rational vertex operator algebra V is said to be holomorphic if V itself is the only irreducible V -module. Note that the central charge c of a strongly rational, holomorphic vertex operator algebra V is necessarily a non-negative multiple of 8, a simple consequence of Zhu's modular invariance result [Zhu96] .
2.1. Orbifold Construction. In [EMS15] (see also [Möl16] ) we develop a cyclic orbifold theory for holomorphic vertex operator algebras. Given a strongly rational, holomorphic vertex operator algebra V and a cyclic group g of automorphisms of V we determine the fusion rules amongst the irreducible modules of the fixed-point vertex operator subalgebra V g (sometimes called orbifold vertex operator algebra) and determine a holomorphic extension V orb(g) of V g , called orbifold construction.
In the following we give a short summary. Let V be a strongly rational, holomorphic vertex operator algebra and g a finite, cyclic group of automorphisms of V of order n ∈ Z >0 .
By [DLM00] , for each i ∈ Z n , there is an up to isomorphism unique irreducible g i -twisted V -module V (g i ). Moreover, there is a representation φ i : g → Aut C (V (g i )) of g on the vector space V (g i ) such that
Each representation is unique up to an n-th root of unity. Let W (i,j) denote the eigenspace of φ i (g) in V (g i ) corresponding to the eigenvalue e(j/n). On V (g 0 ) = V a possible choice of φ 0 is defined by φ 0 (g) = g.
The fixed-point vertex operator subalgebra V g = W (0,0) is strongly rational by [DM97, Miy15, CM16] and has exactly n 2 irreducible modules, namely the W (i,j) , i, j ∈ Z n [MT04, DRX17] . We further show that the conformal weight of V (g) is in (1/n 2 )Z, and we define the type t ∈ Z n of g by t = n 2 ρ(V (g)) (mod n).
Assume in the following that g has type t = 0, i.e. that ρ(V (g)) ∈ (1/n)Z. Then we may choose the representations φ i such that the conformal weights obey
and such that V g has fusion rules
for all i, j, k, l ∈ Z n (see [EMS15] , Section 5), i.e. the fusion algebra of V g is the group ring C[D] where D is the discriminant form with group structure Z n × Z n and quadratic form defined by the conformal weights modulo 1. In particular, all V g -modules are simple currents. If c | 24, then the characters of the irreducible V g -modules
. Since D has level n, the individual characters ch W (i,j) (τ ) are modular forms for the congruence subgroup Γ(n). Moreover, ch W (0,0) (τ ) = ch V g (τ ) is modular for Γ 0 (n). Similar results hold if c 24 or if t = 0. We shall explain these notions in more detail in Section 3. In general, we say that a simple vertex operator algebra V satisfies the positivity condition if ρ(W ) > 0 for any irreducible V -module W ∼ = V and ρ(V ) = 0. Now, if V g satisfies the positivity condition, then the direct sum of V g -modules
admits the structure of a strongly rational, holomorphic vertex operator algebra of the same central charge as V and is called orbifold construction of V associated with g [EMS15] . Note that j∈Zn W (0,j) is just the old vertex operator algebra V . There is also an inverse (or reverse) orbifold construction. Given a vertex operator algebra V orb(g) obtained in the orbifold construction, then via ζv := e(i/n)v for v ∈ W (i,0) we define an automorphism ζ of V orb(g) of order n, and the unique irreducible ζ j -twisted V orb(g) -module is given by V orb(g) (ζ j ) = i∈Zn W (i,j) , j ∈ Z n (see [Möl16] , Theorem 4.9.6). Then
i.e. orbifolding with ζ is inverse to orbifolding with g.
Lattice Vertex Operator Algebras.
To keep the exposition self-contained we recall a few well-known facts about lattice vertex operator algebras [Bor86, FLM88] . For any positive-definite, even lattice L (with bilinear form ·, · : L × L → Z) the associated vertex operator algebra (of central charge c = rk(L)) is given by
with the Heisenberg vertex operator algebra M (1) associated with L C = L⊗ Z C and the twisted group algebra C ε [L], the algebra with basis {e α | α ∈ L} and product
Let ν ∈ O(L), the orthogonal group (or automorphism group) of the lattice L, and let η : L → {±1} be a function. Then the map φ η (ν) acting on C ε [L] as φ η (ν)(e α ) = η(α)e να for α ∈ L (and on M (1) as ν) defines an automorphism of V L if and only if
for all α, β ∈ L. In this case φ η (ν) is called a lift of ν and all such automorphisms form the subgroup O(L) of Aut(V L ). There is a short exact sequence
If the restriction of η to the fixed-point sublattice L ν is trivial, we call φ η (ν) a standard lift of ν. It is always possible to choose η in this way (see [Lep85] , Section 5). It was proved in [EMS15], Proposition 7.1 that all standard lifts of a given lattice automorphism ν ∈ O(L) are conjugate in Aut(V L ).
Let φ η (ν) be a standard lift of ν and suppose that ν has order m. If m is odd or if m is even and α, ν m/2 α is even for all α ∈ L, then the order of φ η (ν) is also m. Otherwise the order of φ η (ν) is 2m, in which case we say ν exhibits order doubling.
For later use let ν →ν be a fixed section O(L) → O(L) and denote by η ν the corresponding function L → {±1}. For convenience, we choose a section that only maps to standard lifts. This is not essential but simplifies the presentation.
For any vertex operator algebra V of CFT-type K := {e v0 | v ∈ V 1 } defines a subgroup of Aut(V ), called the inner automorphism group of V . By [DN99] , Theorem 2.1, the automorphism group of V L is of the form
K is a normal subgroup of Aut(V L ), Hom(L, {±1}) is a subgroup of K ∩ O(L) and Aut(V L )/K is isomorphic to some quotient group of O(L).
We also recall some results about the twisted modules of lattice vertex operator algebras. The irreducible φ η (ν)-twisted modules of a lattice vertex operator algebra V L for standard lifts φ η (ν) are described in [DL96, BK04] . Together with the results in Section 5 of [Li96] this allows us to describe the irreducible g-twisted V L -modules for all finite-order automorphisms g = φ η (ν)σ h with some lift φ η (ν) and σ h := e −2πih0 ∈ K for some h ∈ L ⊗ Z Q.
Indeed, for a lattice vertex operator algebra V L we can naturally identify the complexified lattice
Note that g has finite order if and only if h ∈ L ⊗ Z Q. We may assume that h ∈ π ν (L C ) were π ν = 1 m m−1 i=0 ν i is the projection of L C onto the elements of L C fixed by ν because it is shown in Lemma 8.3 of [EMS17] (see also Lemma 3.7 in [LS16c] ) that φ η (ν)σ h is conjugate to φ η (ν)σ πν (h) . Since h ∈ π ν (L C ), σ h and φ η (ν) commute, and we can apply the results in [Li96] 
For simplicity, let L be unimodular. Then V L is holomorphic and there is a unique g-twisted V L -module V L (g) for each g ∈ Aut(V L ) of finite order. Let g = φ η (ν)σ h be of finite order such that ν is of order m and has cycle shape t|m t bt with b t ∈ Z, i.e. the extension of ν to L C has characteristic polynomial t|m (x t −1) bt . Note that t|m tb t = rk(L) = c. Assume that φ η (ν) is a standard lift. Then the conformal weight of V L (g) is given by
with the vacuum anomaly ρ ν := t|m b t (t − 1/t), which is positive for ν = id. The second term is half of the squared norm of a shortest vector in the lattice coset π ν (L) + h.
Automorphisms of the Leech Lattice Vertex Operator Algebra.
In the following we specialise to the Leech lattice Λ, the up to isomorphism unique positive-definite, even, unimodular lattice of rank 24 without roots, i.e. vectors of squared norm 2. Its automorphism group O(Λ) is isomorphic to the Conway group
Note that it suffices to takeν from the fixed section O(Λ) → O(Λ) since any two lifts only differ by a homomorphism Λ → {±1}, which can be absorbed into σ h . Moreover, since σ h = id if and only if h ∈ Λ = Λ, it is enough to take h ∈ Λ C /Λ.
In the following we describe the conjugacy classes of Aut(V Λ ). As mentioned above, the automorphism φ η (ν)σ h is conjugate to φ η (ν)σ πν (h) for any h ∈ Λ C , and φ η (ν) and σ πν (h) commute.
Lemma 2.1. Any automorphism in Aut(V Λ ) is conjugate to an automorphism of the formνσ h where (1) ν is in a fixed set N of representatives for the conjugacy classes in O(Λ),
(2) h is in a fixed set H ν of representatives for the orbits of the action of C O(Λ) (ν) on π ν (Λ C )/π ν (Λ).
Proof. Let g ∈ Aut(V Λ ). We have already argued that g is conjugate toνσ h for some
νσ h is conjugate toμσ h . As explained above we may even assume that h ∈ π µ (Λ C )/π µ (Λ). This proves item (1).
To see item (2) we considerνσ h with h ∈ π ν (Λ C ) and let h ∈ π ν (Λ C ) with h + π ν (Λ) = τ h + π ν (Λ) for some τ ∈ C O(Λ) (ν) and prove thatνσ h andνσ h are conjugate. Indeed, (νσ h ) −1τν σ hτ −1 acts as identity on Λ C ∼ = (V Λ ) 1 and on e α ∈
The quotient describes a homomorphism Λ → {±1} and it is easy to check that it is trivial on Λ ν . All this means that (νσ h ) −1τν σ hτ −1 = σ f for some f ∈ Λ C with f, α ∈ Z for all α ∈ Λ ν . We just showed thatνσ h andνσ h +f are conjugate. The latter is conjugate toνσ h +πν (f ) but π ν (f ) ∈ π ν (Λ) and π ν (f ), α ∈ Z for all α ∈ Λ ν , i.e π ν (f ) ∈ (Λ ν ) = π ν (Λ ) = π ν (Λ). This proves the claim.
The above lemma provides the surjective map (ν, h) →νσ h from the set Q := {(ν, h) | ν ∈ N, h ∈ H ν } onto the conjugacy classes of Aut(V Λ ). We shall now prove that this map is in fact a bijection.
Proposition 2.2. The map (ν, h) →νσ h is a bijection from the set Q to the conjugacy classes of Aut(V Λ ).
Proof. We saw in Lemma 2.1 that this map is surjective. To see the injectivity let (ν, h) and (µ, f ) be in the set Q and assume that the corresponding automorphismŝ νσ h andμσ f are conjugate in Aut(V Λ ). We need to show that (ν, h) = (µ, f ).
Applying the surjection Aut(V Λ ) → O(Λ) immediately yields that ν and µ are conjugate and hence ν = µ.
Now supposeνσ h andνσ f are conjugate under some automorphismτ σ s . Then
for all α ∈ Λ. Since ν and τ commute, the quotient becomes trivial for α ∈ Λ ν .
But this means that h + π ν (Λ) and f + π ν (Λ) are in the same orbit of the action of C O(Λ) (ν) on π ν (Λ C )/π ν (Λ) and hence identical.
Recall that the automorphism in Aut(V Λ ) has finite order if and only if h is in π ν (Λ ⊗ Z Q) rather than π ν (Λ C ).
Modular Forms
In this section we describe some results on modular forms of weight 2 for Γ 0 (n) (see, e.g. [DS05, Miy06] ) and vector-valued modular forms for the Weil representation. We shall introduce some of the tools necessary to prove the dimension formulae in Section 4.
3.1. Modular Forms of Weight 2 for Γ 0 (n). Let Γ = SL 2 (Z), which acts on the upper half-plane H by Möbius transformations. Given a positive integer n the subgroup Γ 0 (n) = a b c d ∈ Γ c = 0 (mod n) has index ψ(n) in Γ where ψ(n) = n 3 p|n (1 − 1 p 2 ) denotes the Dedekind psi function. The quotient Γ 0 (n)\H complemented by the cusps P = Q∪{∞} forms a compact Riemann surface X 0 (n) = Γ 0 (n)\H * , H * = H ∪ P , called the modular curve associated with Γ 0 (n). The class of a/c ∈ Q with (a, c) = 1 in Γ 0 (n)\P is characterised by the invariants (c, n), a divisor of n, and ac/(c, n) ∈ Z × (c,n/(c,n)) . It follows that Γ 0 (n) has ε = c|n φ((c, n/c)) classes of cusps. The cusp a/c ∈ Q with (a, c) = 1 has width t a/c := n/(c 2 , n). Note that s∈Γ0(n)\P t s = ψ(n). A complete system of representatives for the cusps Γ 0 (n)\P is given by the rational numbers a/c where c ranges over the positive divisors of n and a over a complete set of representatives of Z × (c,n/c) such that (a, c) = 1. We denote by M k (Γ 0 (n)) the space of holomorphic modular forms for Γ 0 (n) of weight k ∈ 2Z >0 and trivial character. of f at s. It is an expansion in integral powers of q 1/ts . In general it depends on the choice of M s . However, its coefficients at integral q-powers do not. We now specialise to weight 2. The Eisenstein series
For a positive integer k we define F k := 1 √ k ( k 0 0 1 ) and
We describe the transformation behaviour of E (k) 2 under Γ:
Proof.
.
Note that the Fourier expansion of
. The space of modular forms of weight 2 for Γ 0 (n) decomposes as
where S 2 (Γ 0 (n)) denotes the space of cusp forms and E 2 (Γ 0 (n)) its orthogonal complement with respect to the Petersson inner product. The dimensions of the spaces are given by dim(S 2 (Γ 0 (n))) = g(X(Γ 0 (n))), dim(E 2 (Γ 0 (n))) = ε − 1 where g(X(Γ 0 (n))) is the genus of the modular curve X 0 (n) = Γ 0 (n)\H * and ε the number of cusps for Γ 0 (n). An explicit basis of E 2 (Γ 0 (n)) is given, for example, in [DS05] , Theorem 4.6.2.
Let k | n, k > 1. Then Proposition 3.1 shows that
). If n is square-free, the functions f k already form a basis of E 2 (Γ 0 (n).
The expansion of E (k) 2 (τ ) at a cusp s = a/c is given by
where we omitted the non-modular term, which cancels out in f k . This is an
We consider an Eisenstein series with certain constant terms at the cusps:
for all cusps s = ∞. This function can be written as
and the constant coefficient of the Fourier expansion of f at ∞ is given by
Note that because the elements of S 2 (Γ 0 (n)) have vanishing constant terms at all the cusps, the solutions of the equation in M 2 (Γ 0 (n)) are exactly f + S 2 (Γ 0 (n)).
Proof. Let S be the set of cusps for Γ 0 (n) without ∞. Then E 2 (Γ 0 (n)) has a basis consisting of Eisenstein series f s , s ∈ S, which are 1 at s and vanish at the other cusps in S. This implies the first statement. Now let
This proves the second statement. The third follows from the residue theorem.
The Eisenstein series f in the previous proposition can be written as
and its Fourier expansion at a cusp s is
We now consider certain cusp forms. Let p be a prime and W p := 1
Proof. By a classical result of Fricke (see [Fri11] , p. 366)
for p ≥ 5 where h(p) denotes the class number of Q( √ −p) and
if p = 1, 5 (mod 8), if p = 7 (mod 8).
Hence
The space S 2 (Γ 0 (p)) − has a basis consisting of simultaneous eigenforms for all Hecke operators T m , m ≥ 1 (see [AL70] , Theorem 5).
We state Deligne's bound on the growth of the coefficients of cusp forms:
Proof. By Theorem 3 in [AL70] a(p) = 1 and a(p k ) = a(p) k = 1 for all k ≥ 1.
Since the Hecke operators T m for (m, p) = 1 are self-adjoint with respect to the Petersson inner product, the coefficients a(2), . . . , a(p − 1) are real (see Lemma 13 and Lemma 14 in [AL70] ). Finally the L-function of f is of the form
Deligne has shown (see [Del74] , Théorème 8.2) that the reciprocal roots of the polynomial 1 − a(t)X + tX 2 have absolute value
and expanding each factor in a geometric series we find that the coefficient of t −ms is given by
The general case follows from the multiplicativity of the a(m) and the first statement.
Modular Forms for the Weil Representation.
In this section we recall some properties of modular forms for the Weil representation of Γ = SL 2 (Z) from [Sch09] . Let D be a discriminant form with quadratic form q : D → Q/Z and associated bilinear form (·, ·) :
Let c be an integer. Then c acts by multiplication on D and there is an exact Suppose the level of D divides n. We define a quadratic character
A general formula for M ∈ Γ is given in [Sch09] , Theorem 4.7.
Let
Classical examples of modular forms transforming under the Weil representation are theta functions. Let L be a positive-definite, even lattice of even rank 2k (with bilinear form ·, · : L × L → Z) and let D = L /L be the associated discriminant
Then θ is a modular form for the Weil representation ρ D of weight k, which is holomorphic at ∞. Another example arises from orbifold theory (see Section 2.1). Let V be a strongly rational, holomorphic vertex operator algebra of central charge c ∈ 24Z ≥0 and g an automorphism of V of finite order n and type 0 such that V g satisfies the positivity condition. Then the irreducible V g -modules are given by
Note that D has order n 2 and level n. The vector-valued character
is a modular form of weight 0 for the Weil representation ρ D of Γ, holomorphic on H but with poles at the cusp ∞ for c > 0.
Let D be a discriminant form of even signature and n a positive integer such that the level of D divides n. Let F = γ∈D F γ e γ be a modular form for ρ D orρ D . Then the formula for ρ D shows that F 0 is a modular form for Γ 0 (n) of character χ D . Conversely: Proposition 3.5. Let D be a discriminant form of even signature and level dividing n. Let f be a scalar-valued modular form for Γ 0 (n) of weight k and character χ D . Then
This is Theorem 6.2 in [Sch06] in the special case of trivial support. An explicit description of the components of the lift F f is given in [Sch09] , Theorem 5.7 (and for n square-free in [Sch06] , Theorem 6.5).
The dimension formulae proved in this text are instances of the following pairing argument:
Proposition 3.6. Let D be a discriminant form of even signature and G a modular
Proof. If G and F are vector-valued modular forms for ρ D , then the unitarity of ρ D with respect to (·, ·) implies that (G, F ) is a scalar-valued modular form for Γ of weight 2 which is holomorphic on H and meromorphic at the cusp ∞. If F instead transforms under the dual Weil representationρ D , then we replace F byF in the statement. The assertion now follows from the residue theorem.
3.3. Vector-Valued Eisenstein Series. In this section we study the lift of the Eisenstein series f ∈ E 2 (Γ 0 (n)) from Proposition 3.2. This holomorphic modular form will serve as the "probe" in the pairing argument provided by Proposition 3.6.
Let n ∈ Z >0 and consider the discriminant form D = (Z n ×Z n , q) with quadratic form q((i, j)) = ij/n + Z. This is exactly the discriminant form of the fusion algebra of the orbifold vertex operator algebra V g described above. We note that the character χ D is trivial because D has no odd 2-adic components and its order is n 2 , a perfect square.
Let f be a modular form for Γ 0 (n) of weight 2 (without character). Then Proposition 3.5 allows us to lift f to a vector-valued modular form F = F f for the dual Weil representationρ D .
We describe the components of F . Given a modular form f ∈ M 2 (Γ 0 (n)) and a cusp s ∈ Γ 0 (n)\P the expansion of f at s is an expansion in q 1/ts . We decompose
with g ts,j | T = e(j/t s )g ts,j for j ∈ Z ts . In general, the terms in this decomposition depend on the choice of M s but g ts,0 does not. The special case of Theorem 5.7 in [Sch09] for trivial support applied to D = (Z n × Z n , q) states:
Recall that since D that has no odd 2-adic components, q c (γ) = cq(δ) for γ = cδ ∈ D c .
In the following we shall be interested in the lift F of the special Eisenstein series f ∈ E 2 (Γ 0 (n)) from Proposition 3.2. The conditions on the constant terms of f at all the cusps for Γ 0 (n) entail the following property of the constant term of F :
the equation in Proposition 3.2 and F the lift of f to a holomorphic modular form for the dual Weil representationρ
for γ ∈ D with q(γ) = 0 + Z.
Here, C q (m) := a∈Z × q e(am/q) ∈ Z for m, q ∈ Z >0 denotes Ramanujan's sum, only deviating from standard notation by capitalising.
The sum may be partially carried out to remove the complex factor e(dq c (γ)). Indeed, choosing the system of representatives for the cusps described in Section 3.1 we obtain
We compute further Fourier coefficients of F . For ease of presentation we extend the sum-of-divisors function σ trivially from Z >0 to Q >0 , i.e. we define
Proposition 3.9. Let f ∈ E 2 (Γ 0 (n)) be the unique solution to the equation in Proposition 3.2 and F the lift of f to a holomorphic modular form for the dual Weil representationρ D where D = (Z n × Z n , q). Then
Proof. Proposition 3.7 implies that
With the Fourier expansion of f at the different cusps we obtain c) ) and the inverse taken modulo k/(k, c) (see Proposition 3.1). If we can show that
then the assertion follows. Like in the proof of Proposition 3.8, we partially carry out the sum over the cusps to remove the complex factors. Clearly, (c/(k, c)) −1 /(k, c) = 0 (mod 1/c), and therefore we obtain
which is multiplicative in n, as is φ(n). We verify that both expressions coincide for prime powers, which concludes the proof.
Finally, we compute certain Fourier coefficients for non-isotropic components of F . For γ ∈ D with q(γ) = 0 + Z we introduce r γ ∈ (0, 1) such that r γ ∈ −q(γ).
Proposition 3.10. Let f ∈ E 2 (Γ 0 (n)) be the unique solution to the equation in Proposition 3.2 and F the lift of f to a holomorphic modular form for the dual Weil representationρ D where D = (Z n × Z n , q). Then
In Proposition A.1 (see also Proposition 4.6) we shall further simplify this expression and prove that the Fourier coefficients [F γ ](r γ ) are positive.
Proof. Proposition 3.7 implies
With the expansion of f at the cusps we obtain
Again, we take the standard representatives of the cusps and note that q c (γ) + r γ (c/(k, c)) −1 /(k, c) = 0 (mod 1/c) and ad = 1 (mod c). Then 
Dimension Formulae
In this section we shall prove the first main result of this paper, a formula for dim(V orb(g) 1 ), the dimension of the weight-1 space of the orbifold construction in central charge 24, depending on the dimensions of the fixed-point Lie subalgebras dim(V g m 1 ), m | n, and terms of smaller L 0 -weight, where n is the order of g. This generalises previous results for n = 2, 3 in [Mon94] (see also [LS16c] ), for n = 5, 7, 13 in [Möl16] and for all n such that the modular curve X 0 (n) has genus 0 in [EMS17] . However, our proof idea is fundamentally different. 4.1. First Dimension Formula. The first dimension formula, on which the more interesting second one is based, will be proved using the pairing argument in Proposition 3.6.
Consider a strongly rational, holomorphic vertex operator algebra V of central charge c ∈ 24Z >0 . Let g ∈ Aut(V ) of order n ∈ Z >0 and type 0 and assume that V g satisfies the positivity condition. Then, as explained in Section 2.1, V g has fusion algebra C[D] with the discriminant form D = (Z n × Z n , q) whose quadratic form is q((i, j)) = ij/n + Z. In particular, the irreducible V g -modules are given by W γ , γ ∈ D, with conformal weights ρ(W γ ) ∈ q(γ).
Recall from Section 3.2 that the character Ch V g (τ ) = γ∈D ch W γ (τ )e γ is a vector-valued modular form of weight 0 for the Weil representation ρ D of Γ, holomorphic on H but with poles at the cusp ∞. We remark that by definition of the character the pole orders at ∞ are bounded by c/24.
In the following we specialise to the case of central charge c = 24. Then the singular and constant terms in the Fourier expansion of Ch V g are
is of CFT type and V g satisfies the positivity condition.
Recall that r γ ∈ (0, 1) is chosen such that r γ ∈ −q(γ).
Using Proposition 3.6 to pair Ch V g with a holomorphic vector-valued modular form of weight 2 for the dual Weil representationρ D we obtain:
Proposition 4.1. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 and type 0 such that V g satisfies the positivity condition. Suppose F is a holomorphic modular form of weight 2 for the dual Weil representationρ D . Then
The expression in the proposition is the constant term of the pairing (Ch V g ,F ). The modular form F will be the "probe" for studying properties of the character Ch V g . Indeed, any choice of F produces a dimension formula, i.e. an identity involving the dimensions of the L 0 -eigenspaces of weight at most 1 of the irreducible V g -modules.
In the following we shall motivate a specific choice of vector-valued modular form F to use in the pairing argument, which turns out to be the vector-valued Eisenstein series from Section 3.3. Then we study the corresponding dimension formula.
Attempting to generalise the dimension formula (Theorem 4.1) in [EMS17] we shall want the second term in Proposition 4.1 to be equal to
The left term can be rewritten as follows:
Proposition 4.2. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 and type 0 such that V g satisfies the positivity condition. Let Ch V g be the vector-valued character of V g . Then
Proof. By Proposition 4.6 in [EMS17] c|n φ((c, n/c)) (c, n/c)
On the other hand, Lemma 4.5 in [EMS17] (note that there is a sign error in the exponent in formula (7) and Lemma 4.5) implies that
for all s ∈ Γ 0 (n)\P . This proves the assertion.
This implies that the desired second term in Proposition 4.1 is
We then consider a holomorphic modular form F for the dual Weil representationρ D obtained as lift of a scalar-valued modular form f ∈ M 2 (Γ 0 (n)) in Proposition 3.5. Then, by Proposition 3.7 the second term in Proposition 4.1 becomes
which we compare to the equation above. We observe that the resulting conditions on the constant terms of f at the different cusps are precisely those in Proposition 3.2. This implies: 
In the following we fix f ∈ E 2 (Γ 0 (n)) to be the unique Eisenstein series satisfying the equation in Proposition 3.2, i.e. we let
The Fourier expansion of f at different cusps is stated in Section 3.1, which we used to determine the Fourier coefficients [F 0 ](1) and [F γ ](r γ ) for γ ∈ D with q(γ) = 0+Z where r γ ∈ (0, 1) such that r γ ∈ −q(γ) (see Proposition 3.9 and Proposition 3.10). These are the coefficients in the first and third term in Proposition 4.1. Together with the above proposition this implies:
Theorem 4.4 (First Dimension Formula). Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 and type 0 such that V g satisfies the positivity condition. Then
whered n (γ) equals the expression [F γ ](r γ ) from Proposition 3.10.
The rest termR(g) contains exactly the terms involving dimensions of weight spaces of the irreducible V g -modules of weight less than 1. We shall prove in Proposition A.1 (see also Proposition 4.6) thatR(g) ≥ 0.
Specialising to n = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25, i.e. those n ∈ Z >0 such that the modular curve X 0 (n) has genus 0, the result becomes Theorem 3.1 in [EMS17] , which was proved using expansions of Hauptmoduln.
Suppose, on the other hand, that F is a cusp form of weight 2 for the dual Weil representationρ D , i.e. all components of F vanish at the cusp ∞. Then Proposition 4.1 yields
an inhomogeneous system of linear equations, which constraints the possible values of the dim(W γ 1−rγ ). In fact, if g(X 0 (n)) > 0 and n is prime, we shall consider the lift of a simultaneous Hecke eigenform in S − 2 (Γ 0 (n)) and Deligne's bound on the growth of the Fourier coefficients of cusp forms to prove thatR(g) ≥ 24 (see Theorem 4.12).
Second Dimension Formula.
Linearly combining the dimension formula in Theorem 4.4 applied to all the powers g n/m of g of order m for m | n, m = 1, we obtain the second dimension formula, a closed formula for dim(V orb(g) 1
). This will be the main result of this section.
We introduce the arithmetic function λ by for n ∈ Z >0 and m | n. Note that for a given n ∈ Z >0 , the ξ n (m) and c n (m) for m | n can be equivalently specified by the systems of linear equations
(so that in particular m|n ξ n (m) = δ 1,n ) and m|n c n (m)(t, m) = n/t for all t | n.
Taking the linear combination of the dimension formulae in Theorem 4.4 for g n/m with coefficients ξ n (m) for m | n yields: Theorem 4.5 (Second Dimension Formula). Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z ≥2 and type 0 such that V g satisfies the positivity condition. Then
with a rest term
where for all γ = (i, j) ∈ D with q(γ) = 0 + Z,
Again, the rest term R(g) contains exactly the terms involving dimensions of weight spaces of the irreducible V g -modules of weight less than 1. In Proposition A.2 (see also Proposition 4.7) we shall prove that also R(g) ≥ 0. The theorem generalises Corollary 4.3 in [EMS17] .
Proof. The dimension formula in Theorem 4.4 applied to g n/m of order m for m | n reads By reparametrising c → m/c and swapping the order of the two summations we obtain
Similarly 
1−r (i,j) ). To computeR(g m ) for m | n we note that
which may be rewritten as
for all i, j ∈ Z n with ij = 0 (mod n).
Dimension Bounds.
The results in this section will be crucial for this work. We shall prove the remarkable fact that the rest terms in the dimension formulae in Theorem 4.4 and Theorem 4.5 satisfyR(g) ≥ 0 and R(g) ≥ 0, which will allow us to derive dimension bounds and based on this define the notion of extremal orbifolds. It is through this that the dimension formulae develop their full strength. We give explicit formulae for the coefficientsd n (γ) and d n (γ) ofR(g) and R(g), respectively, in Appendix A. These will imply the following results.
Proposition 4.6. In the rest termR(g) in Theorem 4.4 the coefficientsd n (γ) for all γ ∈ D with q(γ) = 0 + Z satisfỹ
This impliesR (g) ≥ 0.
Proof. An explicit formula ford n (γ) is given Proposition A.1, which proves the assertion.
For the rest term in Theorem 4.5 one can show a similar statement. The results differ slightly, insofar as the coefficients in the rest term R(g) are only non-negative rather than positive. Proposition 4.7. In the rest term R(g) in Theorem 4.5 the coefficients d n (γ) for all γ = (i, j) ∈ D with q(γ) = 0 + Z satisfy
Recall that for l ∈ Z n we denote by ι(l) the representative of l in {0, 1, . . . , n−1}.
Proof. An explicit formula for d n (γ) is given Proposition A.2, which proves the assertion.
Note that, while the coefficientsd (i,j) in Theorem 4.4 are symmetric in i, j ∈ Z n (see Proposition A.1), the d (i,j) in general are not. However, the condition that d (i,j) vanishes is symmetric. This will be used in the proof of Proposition 4.13 about the inverse orbifold construction.
We now state two important corollaries of the above propositions.
Corollary 4.8 (Dimension Bound I).
Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 and type 0 such that V g satisfies the positivity condition. Then
The next corollary provides an upper bound for the dimension of the weight-1 Lie algebra V orb(g) 1 purely in terms of the restriction of the automorphism g to the Lie algebra V 1 . Corollary 4.9 (Dimension Bound II). Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z ≥2 and type 0 such that V g satisfies the positivity condition. Then
We introduce the notion of extremal automorphisms that attain the upper bound for dim(V orb(g) 1 ) in this corollary.
Definition 4.10. In the situation of Corollary 4.9 the automorphism g is called extremal if equality holds, i.e. if R(g) = 0. By convention, we also call the identity extremal.
It is in general not easy to identify extremal orbifolds besides explicitly computing dim(V orb(g) 1 ), either via the rest term R(g) in the dimension formula or directly (as explained in, e.g., Section 5.6 of [Möl16] ). Both approaches are in general computationally demanding. However, we can formulate some easily verifiable necessary and sufficient conditions for extremality: Proposition 4.11. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z ≥2 and type 0 such that V g satisfies the positivity condition. Then:
(1) If the conformal weight ρ(V (g i )) ≥ 1 for all i ∈ Z n \{0}, then g is extremal.
(2) If g is extremal, then ρ(V (g i )) ≥ 1 for all i ∈ Z n with (i, n) = 1.
(3) If n is prime, then g is extremal if and only if ρ(V (g i )) ≥ 1 for all i ∈ Z n \ {0}.
Proof. Item (1) is immediate since the condition implies that dim(W γ 1−rγ ) = 0 for all γ ∈ D with q(γ) = 0 + Z.
Suppose that i ∈ Z n such that (i, n) = 1. Then Theorem 4.5 implies that for all j ∈ Z n \ {0}, d n (i, j) =d n (i, j), which is positive by Proposition 4.6. Then, R(g) can only vanish if dim(W (i,j) 1−r (i,j) ) = 0 for all j ∈ Z n \ {0}, which implies that ρ(V (g i )) ≥ 1. This proves item (2). Item (3) follows from items (1) and (2).
Extremal automorphism cannot exist for all orders n. Indeed, as explained in the remark after Theorem 4.4, pairing the vector-valued character Ch V g of V g with a cusp form will produce an inhomogeneous system of linear equations in the variables dim(W γ 1−rγ ), γ ∈ D with q(γ) = 0 + Z. This, together with Deligne's bound, will be used to prove the following result.
Theorem 4.12. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z ≥2 and type 0 such that V g satisfies the positivity condition. If n is prime and g(X 0 (n)) > 0, then R(g) ≥ 24 and hence g cannot be extremal.
Proof. Let n be a prime such that g(X 0 (n)) > 0. Then by Proposition 3.3 the space S − 2 (Γ 0 (n)) of cusp forms of weight 2 on which the Fricke involution W n acts as −1 is non-trivial. Recall that S − 2 (Γ 0 (n)) has a basis consisting of Hecke eigenforms. Let f ∈ S − 2 (Γ 0 (n)) with f (τ ) = ∞ m=1 a(m)q m be such an eigenform, normalised so that a(1) = 1. Then Theorem 3.4 shows that a(2), . . . , a(n − 1) ∈ R, a(n) = 1 and |a(m)| ≤ σ 0 (m) √ m for all m ≥ 1.
Then we decompose f (τ /n), which has a Fourier expansion in q 1/n , as f (τ /n) = g 0 (τ ) + . . . + g n−1 (τ ) with g j | T = e(j/n)g j for j ∈ Z n . Let F (τ ) = γ∈D F γ (τ )e γ be the lift (see Proposition 3.5) of f to a modular form for the dual Weil representationρ D . Then Proposition 3.7 in the special case of n prime yields
where j γ ∈ {0, . . . , n − 1} such that j γ ∈ −q(γ). We insert F into Proposition 4.1.
Clearly, since f is a cusp form, so is F , i.e. [F γ ](0) vanishes for all γ ∈ D. We compute
for γ ∈ D with q(γ) = 0 + Z. Recall that r γ ∈ (0, 1) such that r γ ∈ −q(γ). Hence, by Proposition 4.1,
On the other hand, the rest term R(g) reduces to
proving the assertion.
Recall the inverse orbifold construction summarised at the end of Section 2.1. We show that this preserves extremality:
Proposition 4.13. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 and type 0 such that V g satisfies the positivity condition. Then g is extremal if and only if the inverseorbifold automorphism ζ ∈ Aut(V orb(g) ) is extremal.
Proof. The rest term R(g) in Theorem 4.5 is given by
Let ζ ∈ Aut(V orb(g) ) be the inverse-orbifold automorphism. By definition of ζ, W (i,j) is the eigenspace in V orb(g) (ζ j ) corresponding to the eigenvalue e(i/n). Hence, the rest term in the corresponding dimension formula is given by
noting that r (i,j) = r (j,i) .
Since g is extremal if and only if dim(W (i,j) 1−r (i,j) ) = 0 or d n (i, j) = 0 for all i, j ∈ Z n with ij = 0 (mod n), and similarly for ζ, the assertion is equivalent to the fact that d n (i, j) = 0 if and only if d n (j, i) = 0 for all i, j ∈ Z n with ij = 0 (mod n). This follows from the explicit formula for d n (i, j) given in Proposition A.2.
Note that, whiled (i,j) is symmetric in i and j, d (i,j) in general is not but the condition d (i,j) = 0 is.
Generalised Deep Holes
In this section we introduce the notion of generalised deep holes of holomorphic vertex operator algebras of central charge 24, certain extremal automorphisms naturally generalising deep holes of unimodular lattices, in particular those of the Leech lattice Λ. We then show that each of the 70 strongly rational, holomorphic vertex operator algebras V of central charge 24 with V 1 = {0} can be constructed as an orbifold construction V orb(g) Λ associated with the Leech lattice vertex operator algebra V Λ and a generalised deep hole g ∈ Aut(V Λ ). The same is true for the Moonshine module V with V 1 = {0}, which affords exactly 38 constructions associated with generalised deep holes of V Λ .
Deep Holes of the Leech Lattice.
As a motivating example for the definition of a generalised deep hole we study orbifold constructions associated with the deep holes of the Leech lattice Λ.
Recall that up to isomorphism there are exactly 24 positive-definite, even, unimodular lattices of rank 24 and that the Leech lattice Λ is the unique one amongst them without roots.
The weight-1 space of the Leech lattice vertex operator algebra V Λ is the abelian Lie algebra (V Λ ) 1 ∼ = Λ C . Hence, the dimension formula simplifies.
Corollary 5.1. Let g be an automorphism of the Leech lattice vertex operator algebra V Λ of finite order n, projecting to an automorphism ν ∈ O(Λ) of cycle shape t|m t bt . Then
where ρ ν is the vacuum anomaly introduced in Section 2.2.
Proof. The definition of the c n (k), k | n, implies that
This proves the assertion.
The corollary shows that, given an automorphism ν ∈ O(Λ), the dimensions of extremal orbifold constructions associated with automorphisms of V Λ projecting to ν lie in 24 + (m t|m b t /t)Z >0 . Note that for automorphisms of the Leech lattice 1 − ρ ν = t|m b t /t has a denominator dividing m(12, m).
We now recall the bijection between the 23 classes of deep holes of the Leech lattice Λ and the 23 Niemeier lattices other than the Leech lattice described in [CPS82, CS82] .
A hole of a positive-definite lattice L is a vector f ∈ L⊗ Z R in which the distance to the lattice L assumes a local maximum. In a deep hole this is a global maximum. In [CPS82] it is shown that the covering radius of the Leech lattice Λ is √ 2 and that there are exactly 23 orbits under O(Λ) of deep holes in Λ ⊗ Z R/Λ. The authors observed that these are in a natural bijection with the 23 isomorphism classes of Niemeier lattices other than the Leech lattice itself.
In [CS82] the authors show that to each class of deep hole there exists a simultaneous construction of the Leech lattice and of the corresponding Niemeier lattice, which they call "holy construction". Let Λ be the Leech lattice and f ∈ Λ ⊗ Z R a deep hole. Let n denote the order of f + Λ ∈ Λ ⊗ Z R/Λ. We consider the sublattice
Then span Z {Λ f , f } also contains Λ f as a sublattice of index n and is even, unimodular and in fact isomorphic to the Niemeier lattice N corresponding to f . Note that n = h where h is the (dual) Coxeter number of (any irreducible component of) the root system of N .
The described results involve rather long computations or case-by-case analyses. Borcherds gave a more uniform and conceptual proof in [Bor85] , Chapter 2, by embedding all lattices into II 25,1 , the unique even, unimodular lattice of Lorentzian signature (25, 1).
We now study orbifold constructions associated with the Leech lattice vertex operator algebra V Λ and deep holes of the Leech lattice Λ. This will serve as an inspiration for the definition of generalised deep holes in Definition 5.4. Proof. Let d ∈ Λ ⊗ Z Q and consider the inner automorphism g = σ d = e −2πid0 ∈ Aut(V Λ ). Then g is an automorphism of V Λ of order n, the smallest positive integer such that nf ∈ Λ = Λ. The conformal weight (see Section 2.2) of the unique irreducible g-twisted V Λ -module V Λ (g) is ρ(V Λ (g)) = min α∈Λ+d α, α /2, which is at most 1, half of the covering radius of Λ squared. Now, let us assume that d is a deep hole of Λ, which is the case if and only if ρ(V Λ (g)) = 1. Hence, g has type 0, and we may consider the orbifold construction V orb(g) Λ . The fixed-point vertex operator subalgebra V g Λ is the lattice vertex operator algebra V Λ d . Hence, rather than applying the general theory of cyclic orbifolds described in Section 2.1 it suffices to make use of the representation theory of lattice vertex operator algebras. The n 2 irreducible V Λ d -modules are given by
There is exactly one pair of trivially intersecting, maximally isotropic subgroups of (Λ d ) /Λ d , namely Λ/Λ d and span Z {Λ d , d}/Λ d ∼ = N/Λ d where N denotes the Niemeier lattice from above. The sum of irreducible V Λ d -modules corresponding to the former gives back V Λ while the one corresponding to the latter yields
The proposition shows that we can replicate the deep-hole construction of the 23 Niemeier lattices other than the Leech lattice on the level of strongly rational, holomorphic vertex operator algebras of central charge 24, simply by studying inner automorphisms.
We collect some properties of these 23 orbifold constructions, which will serve as defining properties of generalised deep holes: Proposition 5.3. Let d be a deep hole of Λ and consider the corresponding inner automorphism g = σ d ∈ Aut(V Λ ). Then (1) g has type 0 and V g satisfies the positivity condition, (2) g is extremal,
Proof. That g has type 0 was already stated in Proposition 5.2. By Corollary 5.1, the upper bound from the dimension formula for orbifold constructions associated with V Λ and inner automorphisms of order n is given by
On the other hand, dim((V N ) 1 ) = 24 + 24h for any Niemeier lattice N where h is the Coxeter number of the root system. (Indeed, 24h is the number of roots of N .) Since n = h, g is extremal.
Because (V Λ ) 1 is a 24-dimensional abelian Lie algebra on which g = σ f ∈ Aut(V Λ ) acts trivially, it follows that rk((V g Λ ) 1 ) = 24. Because (V orb(g) Λ ) 1 ∼ = (V N ) 1 is a semisimple Lie algebra of rank 24, this proves the assertion.
Note that the fact that ρ(V Λ (g)) = 1 is necessary albeit in general not sufficient for g to be extremal by Proposition 4.11. For many but not all of the 23 deep holes ρ(V Λ (g i )) = 1 for all i ∈ Z n \ {0}, which also implies the extremality of g.
Definition of Generalised Deep Holes.
We use the properties of the deephole orbifold constructions listed in Proposition 5.3 to define generalised deep holes. In order to obtain non-lattice cases on Schellekens' list as orbifold constructions associated with V Λ , we allow (V orb(g) Λ ) 1 to have rank less than 24. Note that the Lie algebras V g 1 and V orb(g) 1 are reductive by [DM04b] , allowing us to define their rank.
Definition 5.4 (Generalised Deep Hole). Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 and g ∈ Aut(V ) of order n ∈ Z >0 . Then we call g a generalised deep hole of V if (1) g has type 0 and V g satisfies the positivity condition, (2) g is extremal, i.e. dim(V orb(g) 1
) or, equivalently, if the inverse orbifold automorphism restricts to an inner automorphism on V orb(g) 1 .
In other words, we demand the dimension of the Lie algebra V orb(g) 1 to be maximal with respect to the upper bound from the dimension formula and the rank to be minimal with respect to the obvious lower bound rk(V g 1 ). If V = V Λ , the Lie algebra associated with the Leech lattice Λ, then the rank condition is equivalent to demanding that (V g Λ ) 1 , which as subalgebra of (V Λ ) 1 is abelian, be a Cartan subalgebra of (V orb(g) Λ ) 1 . We demonstrate the usefulness of the definition of generalised deep holes by showing that all known orbifold constructions of the Moonshine module V correspond to generalised deep holes of the Leech lattice vertex operator algebra V Λ , namely those with rk((V orb(g) Λ ) 1 ) = 0. This construction and the construction of the Niemeier lattice vertex operator algebras from generalised deep holes of V Λ with rk((V orb(g) Λ ) 1 ) = 24 can be beautifully reinterpreted in the broader context provided by this work.
Recall that the Moonshine module V is a strongly rational, holomorphic vertex operator algebra V of central charge 24 with V 1 = {0} and conjecturally the only such vertex operator algebra up to isomorphism. There are 38 orbifold constructions of the Moonshine module V from the Leech lattice vertex operator algebra V Λ [Car18] , including the original construction in [FLM88] of order 2.
In [Car18] , based on ideas in [Tui92, Tui95] , the author proves that for all fixedpoint free automorphisms ν ∈ O(Λ) with ρ ν > 1 (there are exactly 40 such conjugacy classes that give type 0, 38 up to algebraic conjugacy) the corresponding standard lift g =ν ∈ Aut(V Λ ) (if a lattice automorphism is fixed-point free, all its lifts are standard lifts and conjugate) defines an orbifold construction that yields the Moonshine module V . (By generalising the orbifold construction to non-zero type, a total of 53 conjugacy classes, 51 up to algebraic conjugacy, are considered; hence the title of the paper.) No order doubling occurs. We list the 38 algebraic conjugacy classes in Table 1 . n Cycl. shape ρ(V Λ (g)) − 1 Co 1 2 1 −24 2 24 1/2 1A 3 1 −12 3 12 1/3 3A 4 1 −8 4 8 1/4 4A 5 1 −6 5 6 1/5 5A 6 1 −6 2 6 3 −6 6 6 1/6 3B 6 1 −4 2 −4 3 4 6 4 1/6 6A 6 1 −5 2 1 3 −1 6 5 1/6 6D 7 1 −4 7 4 1/7 7A 8 1 −4 2 2 4 −2 8 4 1/8 8C 9 1 −3 9 3 1/9 9A 10 1 −4 2 4 5 −4 10 4 1/10 5B 10 1 −2 2 −2 5 2 10 2 1/10 10A 10 1 −3 2 1 5 −1 10 3 1/10 10E 12 1 −4 2 4 3 4 4 −4 6 −4 12 4 1/12 12A 12 1 −2 3 −2 4 2 12 2 1/12 12E 12 1 −3 2 2 3 1 4 −1 6 −2 12 3 1/12 12K 13 1 −2 13 2 1/13 13A 14 1 −3 2 3 7 −3 14 3 1/14 7B 15 1 −2 3 2 5 −2 15 2 1/15 15B 16 1 −2 2 1 8 −1 16 2 1/16 16B 18 1 −3 2 3 3 2 6 −2 9 −3 18 3 1/18 9C 18 1 −1 2 −1 9 1 18 1 1/18 18A 18 1 −2 2 1 3 1 6 −1 9 −1 18 2 1/18 18B 20 1 −2 2 2 4 −2 5 2 10 −2 20 2 1/20 20A 21 1 −1 3 −1 7 1 21 1 1/21 21B 22 1 −2 2 2 11 −2 22 2 1/22 11A 24 1 −2 2 1 3 2 4 1 6 −1 8 −2 12 −1 24 2 1/24 24B 28 1 −1 4 1 7 −1 28 1 1/28 28A 30 1 −3 2 3 3 3 5 3 6 −3 10 −3 15 −3 30 3 1/30 15A 30 1 −1 2 1 3 −1 5 −1 6 1 10 1 15 −1 30 1 1/30 15D 30 1 −2 2 2 3 1 5 1 6 −1 10 −1 15 −2 30 2 1/30 15E 33 1 −1 3 1 11 −1 33 1 1/33 33A 36 1 −1 2 1 4 −1 9 1 18 −1 36 1 1/36 36A 42 1 −2 2 2 3 2 6 −2 7 2 14 −2 21 −2 42 2 1/42 21A 46 1 −1 2 1 23 −1 46 1 1/46 23A/B 60 1 −1 3 1 4 1 5 1 12 −1 15 −1 20 −1 60 1 1/60 60A 70 1 −1 2 1 5 1 7 1 10 −1 14 −1 35 −1 70 1 1/70 35A 78 1 −1 2 1 3 1 6 −1 13 1 26 −1 39 −1 78 1 1/78 39A/B which implies that dim(V orb(g) 1 ) = 0 and that g is extremal. Since ν is fixed-point free, rk((V g Λ ) 1 ) = 0 = rk((V orb(g) Λ
) 1 ). This shows that each g =ν is a generalised deep hole with dim((V orb(g) Λ ) 1 ) = 0.
These 38 automorphisms of V Λ are in fact all the generalised deep holes of V Λ with rk(V g Λ ) = 0 up to algebraic conjugacy (see Proposition 5.8 below). Note that one can show in a case-by-case study that the orbifold constructions associated with the exactly 42 conjugacy classes, 39 up to algebraic conjugacy, of fixed-point free automorphisms ν ∈ O(Λ) with ρ ν ≤ 1 all yield the Leech lattice vertex operator algebra V Λ again (see also Remark 7.5 in [Car18] ).
The remainder of this text will be concerned with generalised deep holes g of V Λ with rk((V g Λ ) 1 ) > 0. 5.3. Uniform Construction of Schellekens' List. We now state the second main result of this text, a uniform construction, as cyclic orbifold constructions associated with generalised deep holes of the Leech lattice vertex operator algebra V Λ , of strongly rational, holomorphic vertex operator algebras V of central charge 24 realising all 71 Lie algebras from Schellekens' classification [Sch93, EMS15] . More precisely:
Theorem 5.6. Let g be one of the 71 Lie algebras on Schellekens' list ( Table 1 in [Sch93] ). Then there exists a generalised deep hole g ∈ Aut(V Λ ) such that
The generalised deep holes for the 70 non-vanishing Lie algebras g are explicitly listed in Appendix B and many of their properties can be found in Table 2 and Table 3 ; the generalised deep holes for g = {0} are listed in Table 1 .
This uniform construction only requires the Leech lattice vertex operator algebra V Λ and replaces a potpourri of earlier constructions [FLM88, DGM90, Don93, DGM96, Lam11, LS12, LS15, Miy13, EMS15, Möl16, SS16, LS16b, LS16a, LL16].
Recall that except for the case V 1 = {0} it is now proved that a strongly rational, holomorphic vertex operator algebra V of central charge 24 is uniquely determined by its weight-1 space V 1 , again in a collection of different approaches [DM04a, LS16c, LS15, LL16, EMS17, LS17, KLL18]. Hence, the above theorem implies:
Corollary 5.7. Let V be a strongly rational, holomorphic vertex operator algebra of central charge 24 with V 1 = {0}. Then there exists a generalised deep hole
In [ELMS] we plan to give a conceptual proof the corollary, which neither requires Schellekens' classification nor the mentioned uniqueness result, but is nonconstructive.
Proof of Theorem 5.6. As explained in Section 5.2 there are 38 algebraic conjugacy classes of generalised deep holes g of the Leech lattice vertex operator algebra V Λ (with rk((V g Λ ) 1 ) = 0) such that V orb(g) Λ ∼ = V and hence (V orb(g) Λ ) 1 = {0}. These are listed in Table 1 .
In Appendix B, specifically Table 5 and Table 6 , (see also Table 2 and Table 3 ) we list representatives of 70 algebraic conjugacy classes of automorphisms g ∈ Aut(V Λ ) (with rk((V g Λ ) 1 ) > 0), and we shall prove that they are generalised deep holes and that the corresponding orbifold constructions realise all 70 non-zero Lie algebras on Schellekens' list. (We conjecture below in Conjecture 5.9 that these are in fact all generalised deep holes of V Λ up to algebraic conjugacy with rk((V g Λ ) 1 ) > 0.) Let us describe these 70 automorphisms. A complete system of representatives of the conjugacy classes in Aut(V Λ ) is described in Proposition 2.2. It is a special property of the Leech lattice Λ that the algebraic conjugacy classes in O(Λ) ∼ = Co 0 are uniquely determined by their cycle shape. The 70 automorphisms project to 11 different cycle shapes in O(Λ) (listed in Table 2 ) with non-trivial fixed-point sublattices. These are exactly the same conjugacy classes that appear in [Höh17] , Table 4 . Once a conjugacy class in O(Λ) is specified, we choose suitable elements h ∈ π ν (Λ C )/π ν (Λ) (listed in Appendix B) and consider the automorphism g =νσ h .
Let us explain the entries of Table 3 . We list the cycle shape of ν. Each row corresponds to a different choice of h or equivalently of g =νσ h (of order n). We list the Lie algebra structure of (V orb(g) Λ ) 1 together with its dimension and rank, of which the latter only depends on ν. The first column corresponds to the labelling in Table 1 in [Sch93] and the second one to the labelling in Table 4 of [Höh17] . Finally we list the conformal weights ρ(V Λ (g c )) of the unique irreducible g c -twisted V Λ -modules for c | n. (Note that for the 70 chosen automorphisms ρ(V Λ (g i )) only depends on (i, n).)
And now to the proof. First, we must show that all the automorphisms g =νσ h are generalised deep holes. In all cases, ρ(V (g)) = 1 so that g has type 0, which allows us to consider the corresponding orbifold construction V orb(g) Λ . In roughly half of the cases, ρ(V Λ (g)) ≥ 1 for all i ∈ Z n \ {0}, implying that g is extremal by Proposition 4.11, and the dimension formula yields dim((V orb(g) Λ ) 1 ). In the other cases, we compute dim((V orb(g) Λ ) 1 ) directly (on the computer, using Magma and Sage [BCP97, Sag] and using the explicitly-known modular transformation behaviour of eta products and theta series, as explained in, e.g., Section 5.6 of [Möl16] ) and conclude afterwards that g is extremal.
Then, the orbifold construction implies that V orb(g) Λ is a strongly rational, holomorphic vertex operator algebra of central charge 24. Moreover rk((V orb(g) Λ ) 1 ) ≥ rk((V g Λ ) 1 ) = rk(Λ ν ) > 0 since ν has non-trivial fixed-point sublattice Λ ν . Then Schellekens' classification [Sch93, EMS15] implies that the Lie algebra (V orb(g) Λ ) 1 is one of the 70 non-zero (semisimple or abelian) Lie algebras on Schellekens' list.
Finally, we use a combination of several methods to identify the isomorphism type of the Lie algebra (V orb(g) Λ ) 1 by elimination. Recall that rk((V orb(g) Λ ) 1 ) = 
Rk. 12, cycle shape 1 6 3 6 45 C1
A 5,1 E 7,1 168 18 1, 1, 1, 1, 1, 0 34 C2
A 3,1 D 7,3 G 2, 1  120 12 1, 1, 1, 1, 1 48 4 1, 1, 0 Rk. 8, cycle shape 1 4 5 4 20 F1
A 2 1,1 D 6,5 72 10 1, 1, 1, 0 9 F2 A 2 4,5
48 5 1, 0 Rk. 8, cycle shape 1 2 2 2 3 2 6 2 21 G1
A 1,1 C 5,3 G 2,2 72 12 1, 1, 1, 1, 1, 0 8 G2 A 1,2 A 5,6 B 2,3 48 6 1, 1, 1, 0 Rk. 6, cycle shape 1 3 7 3 11 H1
A 6,7 48 7 1, 0 Rk. 6, cycle shape 1 2 2 1 4 1 8 2 10 I1
A 1,2 D 5,8 48 8 1, 1, 1, 0 Rk. 6, cycle shape 2 3 6 3 (order doubling) 14 J1a A 2,2 F 4,6 60 18 1, 1, 1, 1, 1, 0 3 J1b A 2,6 D 4,12 36 6 1, 1, 1, 0 Rk. 4, cycle shape 2 2 10 2 (order doubling) 4 K1 C 4,10 36 10 1, 1, 1, 0
) 1 for all i ∈ Z n with (i, n) = 1 (see, e.g., proof of Proposition 5.8 in [EMS15] ).
(1) The dimension of (V
(3) More precisely, by the inverse orbifold construction, the abelian Lie algebra (V g Λ ) 1 is a fixed-point Lie subalgebra of the reductive Lie algebra (V orb(g) Λ ) 1 under an automorphism of order dividing n. (In fact, the automorphism has to be regular, i.e. the fixed points are abelian.) The possible fixed-point Lie subalgebras are classified in [Kac90] , Chapter 8 (see also Section 2.7 in [EMS17] ). (4) Moreover, from Kac's classification one can extract for each possible (regular) inverse automorphism an eigenspace decomposition of (V orb(g) Λ ) 1 . This must be compatible with the computed dimensions of the W (i,0) 1 .
(5) Necessary Cartan condition: If (V g Λ ) 1 is a Cartan subalgebra of (V orb(g) Λ ) 1 , then the action of (V g Λ ) 1 on the direct sum of twisted modules
must define a subset of the root system of (V orb(g) Λ ) 1 , which is in turn included in the vectors defined by the action of (
This first inclusion can lead to a contradiction for instance if root vectors appear with multiplicities. (See the proof of Proposition 5.10 for a criterion involving the root lengths based on the second inclusion.) (6) Sufficient Cartan condition: Suppose that the centraliser C V (g i )1 ((V g Λ ) 1 ) = {0} for all i ∈ Z n \ {0}. Then, by Lemma 8.1 in [Kac90] , (V g Λ ) 1 is a Cartan subalgebra of (V orb(g) Λ ) 1 .
With a combination of these results it is indeed possible to determine the Lie algebra structure of (V orb(g) Λ ) 1 in each case. We note that in all cases rk((V orb(g) Λ ) 1 ) = rk((V g Λ ) 1 ), which completes the proof that all the 70 listed automorphisms are generalised deep holes.
To summarise, we reprove the existence of vertex operator algebras realising all cases on Schellekens' list in a much more uniform way. In order for the results of this work to be logically independent, we do not make use of any of the earlier constructions in [FLM88, DGM90, Don93, DGM96, Lam11, LS12, LS15, Miy13, EMS15, Möl16, SS16, LS16b, LS16a, LL16] except of the vertex operator algebra V Λ associated with the Leech lattice.
Classification of Generalised Deep
Holes. Finally, we present a conjecture and partial results on the classification of generalised deep holes in Aut(V Λ ) up to algebraic conjugacy (or conjugacy of cyclic subgroups) and the corresponding orbifold constructions.
First, we consider the generalised deep holes g ∈ Aut(V Λ ) with rk((V g Λ ) 1 ) = 0. As explained in Section 5.2, the 38 automorphisms whose corresponding orbifold constructions yield the Moonshine module V are generalised deep holes. Clearly, they must satisfy rk((V g Λ ) 1 ) = 0. In fact, these are all the generalised deep holes of V Λ with rk((V g Λ ) 1 ) = 0:
Proposition 5.8. There are exactly 38 algebraic conjugacy classes of generalised deep holes g ∈ Aut(V Λ ) with rk((V g Λ ) 1 ) = 0, namely those listed in Table 1 . Proof. Suppose that g is an automorphism in Aut(V Λ ) with rk((V g Λ ) 1 ) = 0, i.e. g projects to a fixed-point free automorphism ν ∈ O(Λ). By Proposition 2.2 the (algebraic) conjugacy classes of such automorphisms are in bijection to the (algebraic) conjugacy classes of fixed-point free automorphisms ν ∈ O(Λ), of which there are exactly 95 (90). Now suppose that g is a generalised deep hole. Then rk((V orb(g) Λ ) 1 ) = 0. Since (V Λ (g)) 1 ⊆ (V orb(g) Λ ) 1 , this implies in particular that ρ(V Λ (g)) > 1. As the automorphisms are fixed-point free on Λ, the conformal weight is simply ρ(V Λ (g)) = ρ ν (see Section 2.2), which only depends on the cycle shape of ν. There are exactly 53 (51) automorphism in O(Λ) which are fixed-point free and satisfy ρ ν > 1 up to (algebraic) conjugacy and of those 40 (38) have type 0. These are exactly the 38 automorphisms listed in Table 1 . As explained in the proof of Proposition 5.5, the condition ρ ν > 1 already implies that dim((V orb(g) Λ ) 1 ) = 0 and that the automorphisms are extremal and hence generalised deep holes.
Then, we consider the generalised deep holes with rk((V g Λ ) 1 ) > 0. We conjecture the following statement, which would be a beautiful analogue of the result in [CPS82] that there is a bijection between the deep holes of the Leech lattice Λ and the other 23 Niemeier lattices.
Conjecture 5.9. The cyclic orbifold construction g → V orb(g) Λ defines a bijection between the algebraic conjugacy classes of generalised deep holes g ∈ Aut(V Λ ) with rk((V g Λ ) 1 ) > 0 and the isomorphism classes of strongly rational, holomorphic vertex operator algebras V of central charge 24 with V 1 = {0}.
Equivalently, we conjecture that there are exactly 70 algebraic conjugacy classes of generalised deep holes g ∈ Aut(V Λ ) with rk((V g Λ ) 1 ) > 0, namely exactly those listed in Table 3 .
Indeed, in order to prove the conjecture, it suffices to classify the generalised deep holes of V Λ since this would prove the injectivity of the map g → V orb(g) Λ .
The surjectivity of this map, of course, follows from the results in this text (see Corollary 5.7).
This problem is computationally harder than the fixed-point free case since we also have to consider inner automorphisms. We obtain some partial results:
Proposition 5.10. Let g be a generalised deep hole of V Λ with rk((V g Λ ) 1 ) > 0. Let ν ∈ O(Λ) be the lattice automorphism to which g projects. Then:
(1) The only possible combinations of the invariants ν, up to conjugacy, and (V orb(g) Λ ) 1 , up to isomorphism, (determining in particular the order n of g) are those listed in Table 3. (2) If g satisfies rk((V g Λ ) 1 ) ≤ 6 or rk((V g Λ ) 1 ) = 24, then g belongs to one of the algebraic conjugacy classes listed in Table 3 , i.e. Conjecture 5.9 is true for rk((V g Λ ) 1 ) ≤ 6 and rk((V g Λ ) 1 ) = 24.
Of course, for given lattice automorphism ν and weight-1 Lie algebra (V orb(g) Λ ) 1 there could in theory still be several algebraic conjugacy classes of generalised deep holes with these invariants if 6 < rk((V g Λ ) 1 ) < 24. Proof. Let g be a generalised deep hole in Aut(V Λ ) with rk((V g Λ ) 1 ) > 0. Clearly, rk((V g Λ ) 1 ) ≤ 24. We begin with the case rk((V g Λ ) 1 ) = 24. Then g projects to the identity automorphism id ∈ O(Λ), which means that g = σ h for some h ∈ Λ ⊗ Z Q, i.e. g is an inner automorphism. More precisely, by Proposition 2.2 the conjugacy classes of inner automorphisms of finite order of V Λ are in bijection with the orbits [CPS82, CS82] . Hence, we have shown that there are 23 conjugacy classes of generalised deep holes in Aut(V Λ ) with rk((V g Λ ) 1 ) = 24 and it is easy to check that none of them are algebraically conjugate. These are exactly the 23 automorphisms listed at the beginning of Table 3 .
We now assume that g is a generalised deep hole with rk((V g Λ ) 1 ) < 24. By Proposition 2.2, g is specified by a lattice automorphism ν ∈ O(Λ) and an element in h ∈ π ν (Λ ⊗ Z Q). We first study the possible combinations of the invariants ν ∈ O(Λ) and n, the order of g, that can occur.
The extremality of g entails that dim((V orb(g) Λ ) 1 ) = 24 + 24n(1 − ρ ν ) where the order n of g has to be a multiple of the order m of ν, i.e. dim((V orb(g) Λ ) 1 ) ∈ 24 + 24m(1 − ρ ν )Z >0 . Moreover, rk((V orb(g) Λ ) 1 ) = rk((V g Λ ) 1 ) = rk(Λ ν ). (Then, since the only non-zero Lie algebra on Schellekens' list of dimension 24 has rank 24, dim((V orb(g) Λ ) 1 ) > 24, which implies ρ ν < 1.) There are 46 cases on Schellekens' list with rank between and not including 0 and 24. This gives strong restrictions on the possible conjugacy classes of ν and the order n of g. To give one example, if the cycle shape of ν is 1 3 3 −2 9 3 , then the dimension must be 24 + (8/3)n but the only case on Schellekens' list of rank 4 has dimension 36, which implies n = 9/2, a contradiction. In total, we are left with the spurious combinations of ν and n listed in Table 4 , in addition to those listed in Table 3 :
Note that Schellekens' classification [Sch93, EMS15] does not only yield a list of possible reductive weight-1 Lie algebras V 1 but for each Lie algebra also the lengths of the root vectors (viewed as elements of a Cartan subalgebra in V 1 ) with respect to the unique non-degenerate, invariant bilinear form on the vertex operator algebra V normalised such that 1, 1 = −1. In fact, it follows from the main result in [DM06] that the roots of any simple component of the (by [DM04b] reductive) weight-1 Lie algebra of a strongly rational, holomorphic vertex operator algebra have lengths 2/k and 2/kl with level k ∈ Z >0 and lacing number l ∈ {1, 2, 3}.
Also note that the automorphisms in O(Λ) with rk(Λ ν ) > 0 and ρ ν < 1 have the property that 1/(1 − ρ ν ) ∈ |ν|Z >0 , where we recall that |ν| is m or 2m depending on whether ν exhibits order doubling or not. Considering the action of (V g Λ ) 1 on the twisted modules (V Λ (g i )) 1 it is not difficult to show that the root lengths must be in 2(1 − ρ ν )Z if (V g Λ ) 1 is a Cartan subalgebra of (V orb(g) Λ ) 1 . This further reduces the possible spurious combinations from Table 4 to just one, namely cycle shape 4 6 and order n = 16.
Finally, explicitly varying h over the orbit representatives (computed in Magma [BCP97]) of the action of C O(Λ) (ν) on π ν (Λ Q )/π ν (Λ) such that the order of g =νσ h is 16 shows that there are no generalised deep holes with these invariants. Indeed, of the 22 conjugacy classes in Aut(V Λ ) of order 16 projecting to ν only one has type 0 but it fails to satisfy the necessary Cartan condition described in the proof of Theorem 5.6.
Hence, we have shown that the only possible combinations of the invariants ν (up to conjugacy) and n, the order of g, are those listed in Table 3 . Repeating the steps of the proof but keeping track of the possible weight-1 Lie algebras (V orb(g) Λ ) 1 compatible with the root-length criterion proves item (1).
In order to prove item (2) we have to actually classify generalised deep holes g =νσ h . By item (1), we can restrict ourselves to the combinations of ν and orbifold Lie algebra listed in Table 3 . Unfortunately, determining the orbit representatives h can be computationally very demanding and is prohibitive for larger ranks or orders. Once we have a candidate g =νσ h , we perform the same computations as in items (1) to (6) in the proof of Theorem 5.6 with the hope of finding a contradiction. For each of the four cases in Table 3 with rk(Λ ν ) ≤ 6 we verify that there is only one generalised deep hole up to algebraic conjugacy.
Due to the computational complexity, it seems hopeless to try to classify generalised deep holes of larger ranks with the methods discussed here. However, the approaches in [Höh17] and [ELMS] could lead to further restrictions.
which is in (24/φ(n))σ(r γ,[n] )Z >0 . Here, c 0 is the largest c | n p such that γ ∈ D c In the following we list the 70 generalised deep holes g =νσ h ∈ Aut(V Λ ) from Theorem 5.6 that give cyclic orbifold constructions of the exactly 70 strongly rational, holomorphic vertex operator algebras of central charge 24 with V 1 = {0}. Recall that many of their properties are listed in Table 3 .
First, we shall explain the notation. Let G 24 ⊆ F 24 2 be the extended binary Golay code, a doubly-even, self-dual binary code in dimension 24. Let Ω := {1, 2, . . . , 24} denote the coordinates of F 24 2 (and of R 24 ). The automorphism group of G 24 , i.e. the group of permutations of Ω mapping G 24 to itself, is the Mathieu group M 24 ≤ S Ω . Following Curtis' Miracle Octad Generator we shall arrange vectors in F 24 2 (and in R 24 ) in (4 × 6)-arrays. For definiteness, let G 24 be the binary code generated by the "standard basis" (see, e.g., (5.35) in [Gri98] ).
Let R 24 be equipped with the standard scalar product ·, · so that e i , e j = δ i,j for all i, j ∈ Ω. The Leech lattice Λ ⊆ R 24 is a positive-definite, even, unimodular lattice of rank 24. It can be constructed from G 24 as the Z-span of 1 √ 2 v x for x ∈ G 24 , √ 2(e i ± e j ) for i, j ∈ Ω 1 √ 8 (v (1,...,1) − 4e 1 ), Table 5 . Representatives of 11 conjugacy classes in Aut(V Λ ).
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where v x := i∈Ω,xi=1 e i for x ∈ F 24 2 . An explicit basis of Λ is given, for example, on p. 133 of [CS99] . The automorphism group of the Leech lattice is the Conway group Co 0 . M 24 can be viewed as a subgroup of Co 0 , acting on Λ as permutation matrices.
In Table 5 (see also Table 2 ) we list representatives ν of the 11 algebraic conjugacy classes of automorphisms in O(Λ) ∼ = Co 0 that the 70 generalised deep holes project to. For all cycle shapes but 2 3 6 3 these classes have representatives in M 24 , allowing us to write them as permutations of the coordinates Ω of R 24 . We list particularly "nice" representatives, partly taken from [Gri98] , (5.38) and [CS99] , Chapter 11. The cycle shape 2 3 6 3 may be realised as a signed permutation. In Table 5 arrows between solid nodes denote proper permutations and an arrow ending in a hollow node indicates a minus sign at the corresponding entry of the permutation matrix.
In Table 6 , for each choice of automorphism ν ∈ O(Λ) in Table 5 (separated by a horizontal line), we list representatives h for a number of orbits of the action of C O(Λ) (ν) on π ν (Λ C )/π ν (Λ) amounting to a total of 70 generalised deep holes g =νσ h ∈ Aut(V Λ ). To improve legibility the least common denominator of h is factored out and written under the vector. The first 24 entries are representatives of the 23 classes deep holes of Λ as they are given in [CPS82] . Table 6 . Representatives of 70 orbits of the action of C O(Λ) (ν) on π ν (Λ C )/π ν (Λ) with ν from 
